
Deposition Rates from Polydispersed 
Particle Populations of Arbitrary Spread 

For particle deposition from log-normal polydispersed aerosol 
streams by one or more of several mechanisms described by piece- 
wise-power-law mass transfer coefficients, w e  derive useful relations 
between actual total mass deposition rates and  t h e  ‘reference’ rate one 
would calculate by imagining that all particles in t h e  mainstream popula- 
tion had  t h e  average particle volume V(=&/N,,). Included here  are diffu- 
sion or  inertial mechanisms for laminar- or turbulent-boundary layers, 
free-molecular or continuum diffusion at high Peclet numbers of d e n s e  
spherical particles, or fractal agglomerates. The mainstream particle 
volume distribution is considered to b e  log-normal with arbitrary 
‘spread’ parameter,  thereby generalizing earlier results for “coagula- 
tion-aged’’ (self-preserving) distributions. Further generalizations in- 
clude transitions between important particle transport mechanisms, 
opening t h e  way t o  efficient, finite-analytic methods  for predicting mass 
deposition rates for arbitrary, size-dependent particle capture efficien- 
cies. 
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Introduction 
Background and motivation 

It is well known that the ability of an immersed surface to 
capture particles present in a “dust-laden” mainstream is quite 
particle-size-dependent, reflecting the mechanism (diffusion, 
inertia,. . .) of transport (Fuchs, 1964; Friedlander, 1977; 
Rosner, 1988, 1989). Moreover, in most environments the par- 
ticle-size distribution (PSD) in the mainstream is itself quite 
broad, reflecting, of course, the mechanism(s) of particle forma- 
tion (see, e.g., Flagan and Friedlander, 1978.) Thus, to calculate 
total mass deposition rates, one must sum (integrate) over both 
capture efficiency vcapfvj and the mass distribution function 
,ijpfu j . u - n f u  j, where nfv j dv is the particle number density 
between particles of volume u and v + dv, with the particle vol- 
ume treated as a continuous variable (Rosner, 1989). 

As in the kinetic theory of gases, it would be useful if the 
results of greatest engineering interest could be expressed in 
terms of certain averages characterizing the distribution such as 
the reference deposition rate, if all particles had the mean par- 
ticle volume: V = @p/Np, where @p is the particle volume fraction 
(first moment of the distribution). [Recall the utility of such 
kinetic theory concepts as the mean thermal speed (Bernoulli, 

Maxwell; see, e.g., Garber et al., 1986) and the mean-free path 
(Clausius, Maxwell, and Reynolds).] 

@p = $“ u . nfujdu = p, 
0 

and Np is the total particle number density (zeroth moment): 

Np = $” nfu jdu  = cc, (2) 
0 

This suggests the following practical approach to estimating 
total particle mass deposition rates. First, using qcrpfv j, one cal- 
culates the expected (reference) mass deposition flux - mF,ref if 
all particles in the mainstream had the same volume 5. Then, 
one corrects this reference deposition rate by a factor (often 
quite near unity, see below) which is expected to depend on the 
“shapes” of the functions q&v j and the PSD nfvj.  

Recent results 
For the commonly encountered situation that vapfuj or its 

Stanton number counterpart can be adequately represented by a 
simple power law and nfu j is “self-preserving’’ (as in “coagula- 
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tion-aged’’ aerosols, see, e.g., Friedlander and Wang, 1966; Lai 
et al., 1977; Friedlander, 1977), we recently presented simple 
results for -tk;/(-m;,ref) (Rosner, 1989). [Since we fre- 
quently must deal with targets that present zero projected (fron- 
tal) area, it is more useful to adopt here the dimensionless mass 
transfer coefficient, St,, defined by --m;/(pPLJm) (see, e.g., 
Rosner, 1988).] The results show that the quantities of interest 
could be obtained directly by merely interpolating previously 
calculated dimensionless fractional moments of $ f v / E j  = nV/ 
Np to determine the moment pk corresponding to: 

(3) 

In this way, it was possible to show (Rosner, 1989) that, for say 
Pe >> 1, convective-diffusion -lit;/(    ti^;,^^) 1: 0.90 2 0.02 irre- 
spective of turbulence in the boundary layer, particle Knudsen 
number (Kn,) and even quasispherical particle morphology 
(dense vs. fractal agglomerates). [For particle transport in gas- 
es, one finds that the Schmidt number Sc = v / D p  is quite often 
so large that large Peclet numbers (Pe = Re - Sc) are achieved 
even when the Reynolds number is small (see, e.g., Friedlander, 
1977; Fernandez de la Mora and Rosner, 1982).] Particle iner- 
tial effects were shown to increase -mi/( -mi,-[) above unity, 
yielding values near 2.9 for the eddy impaction of Kn, << I dense 
spherical particles. 

Objectives and outline 
It would be valuable to extend these results in two respects. 

First, we wish to calculate deposition rates from mainstream 
particle-size distributions which may be much broader or nar- 
rower than those pertaining to “coagulation-aged” distributions. 
Quite often actual aerosol particle populations, generated under 
a variety of conditions, can be approximated by log-normal dis- 
tributions (Aitchison and Brown, 1969; Raabe, 1971; Fuchs, 
1964 and its references). Furthermore, self-preserving distribu- 
tions themselves are not very different from log-normals of a 
specific geometric standard deviation (Lee, 1983; Lee et al., 
1984; Ali and Zollars, 1988, for self-preserving distributions due 
to shear coagulation). Second, we wish to calculate and present 
useful results for commonly-encountered St,fv j functions that 
are more complex than a single power law. 

This path inevitably leads to a simple, computationally-effi- 
cient “finite-analytic” method for calculating total mass deposi- 

Table 1. Exponent 6 Power-Law Dependence of 
St,(v) on Particle Volume, v 

Fractal 
s c  Dimension Knudsen Continuum Eddy 

Exponent (D)* Diffusion Diffusion Impaction 

2/3 (LBL) 3 (dense) - 0.4444 - 0.2222 - 
2/3 (LBL) 1.8 (aggreg.) -0.7407 -0.3704 - 
0.704 (TBL) 3 (dense) -0.4693 -0.2347 - 
0.704 (TBL) 1.8 (aggreg.) -0.7822 -0.391 1 - 

- 3 (dense) - - 1.3333 

*Here we take Dp - v-”’or -u-’ID for free-molecular and continuum diffusion, 
respectively (Mountain et al., 1986). D is the fractal dimension, equal to 3 for 
dense particles and equal to about 1.8 for diffusion-limited aggregates (Meakin, 
1983). 

tion rates for the general case of arbitrary St,,,fv j and arbitrary 
PSD nfv j by suitably combining our results for “piecewise”- 
power-law St,fv j functions and log-normal PSDs of arbitrary 
spread. But perhaps more important than such an “algorithm” 
is the conceptual content of the results to be presented: i.e., the 
insight they provide into the factors governing total deposition 
rates from “po1ydispersed”-flowing dust-laden fluids. More- 
over, we also calculate and present “once-and-for-all” results 
that enable the rapid estimation of particle mass deposition rates 
in a rather wide variety of commonly-encountered engineering 
situations, with the conclusions and implications discussed in the 
last section. 

Deposition from Log-Normal Distributions When 
Sf,,,+vj Is a Power Law 

Consider an aerosol with particle-size distribution function, 
nfvj ,  outside the gaseous boundary layer. In terms of the 
dimensionless mass transfer Stanton number St,fv,. . .j 
(Rosner 1988, 1989), the total mass deposition rate is given by: 

-tit; = U . 1“ St , f v , .  . . j . fip . v .  nfv  j d v  (4) 
0 

where U is the gas-free stream velocity, and fip is the intrinsic 
particle density, assumed to be independent of particle size. As 
already indicated, we will focus attention on the comparison 
between the total mass deposition rate -mF and the reference 
deposition rate, - m;,+ from a hypothetical monodispersed 
population comprising particles, each having the size (volume) 
v ;  i.e., - 

If we further denote by R the deposition rate ratio that we seek, 
then 

As noted earlier (Rosner, 1989). if deposition occurs due to 
either convective Brownian diffusion or eddy impaction alone, 
then we may take St, - vb throughout the particle volume range 
of interest; for example, we may assume a power-law form for 
the dependence of the local mass Stanton number on particle 
volume, where b is determined by the nature of the deposition 
mechanism, Knudsen number, and fractal dimension of the par- 
ticles. In Table 1 ,  we give some typical values for the exponent b 
for each of the above-mentioned cases. Substituting the power- 
law form for St, into Eq. 6, we obtain 

(7) 

From Eq. 7, we see that at  least for the case of deposition in a 
regime over which St,,,+vj has a single-power-law dependence, 
in order to obtain R, we simply have to evaluate an appropriate 
moment k( - 1 + b)  of the mainstream aerosol PSD. 

Assuming a log-normal aerosol PSD at the outer edge of the 
gaseous boundary layer, we may write n f v j  = Np . C , f v j .  with 
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Clfv  j the normalized log-normal particle-size (volume) distri- 
bution function defined by 

where vg is the median volume of the distribution (or geometric 
mean) and ug is the corresponding geometric standard deviation 
of the distribution. [The PSD function based on particle radius 
(here we assume spherical particles), say Clf r j ,  is also log-nor- 
mal, with median rg determined through vg = ( y3 )~r ;  and stan- 
dard deviation equal to uy’.] The arithmetic mean of C,tv j, 
written V and chosen as our reference particle dimension, is 
related to the median vg which appears explicitly in Eq. 8 
through (see, e.g., Raabe, 1971): 

(9) 
- v = vg exp f’/z In2 ugj 

Combining now Eq. 7 ,8  and 9, we find 

where v, = v/vg and Clfv, j  is a log-normal distribution with 
median equal to unity and standard deviation equal to ug. Equa- 
tion 10 can be simplified further, if we note that the kth moment 
of any log-normal function can be expressed in terms of another 
log-normal with the same standard deviation and a different 
median, vk (Raabe, 1972). Specifically, if we take the original 
log-normal to be C,fvj as defined in Eq. 5, then one can show 
that: 

where the new median vk is determined by: 

In vk = In vg + k In2 ug (12) 

Making use of these relationships and further noting the nor- 
malization condition: 

lm CIfv j d v  = 1 

we finally obtain the remarkably simple result: 

L .I 

Thus, when the mass transfer coefficient St,& j can be repre- 
sented by a single power law ( -vb) ,  Eq. 13 gives the total mass 
deposition rate compared to the corresponding deposition rate 
for a hypothetical monodispersed population of particles of indi- 
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vidual volume V ,  in terms of the actual deposition mechanism 
(consistent with the choice of b), and the standard deviation 
(spread) of the depositing aerosol main-stream particle-size dis- 
tribution. 

In Figure 1 we plot the deposition rate ratio R vs. the standard 
deviation of the aerosol PSD, ug, for continuum diffusion of 
dense or fractal particles through laminar (LBL) or turbulent 
boundary layers (TBL). For the exact “order” k[(=l + b )  in 
Eq. 131 of the corresponding moments, see Table 1. In Figure 1, 
we also mark the ug value at which the log-normal and the self- 
preserving distributions are approximately the same. [Lee 
(1 983) reports that a log-normal particle-size distribution that is 
based on linear size, such as the particle radius, is similar to the 
self-preserving distribution for a, = 1.32 - 1.35. We use a PSD 
based on particle volume, and hence the corresponding stan- 
dard deviation at which it will become similar to the self-pre- 
serving one is for ug = 1.353 = 2.46, as mentioned previously.] 
Note the fair agreement between the self-preserving PSD 
results of Rosner (1989) for R and our present results for the 
nearest log-normal PSD. 

Figure 2 shows the corresponding total deposition rate ratios 
R vs. u8 for Knudsen (Kn,  >> 1) diffusion. It is interesting to note 
that while in continuum diffusion and for a PSD of arbitrary uE, 
dense particles deposit at higher normalized rates than fractal 
aggregates, in the free molecular regime the opposite occurs. It 
is straightforward to explain this behavior if we realize that 
R(b) (Eq. 13) has a local minimum at b = ‘/2. In the continuum 
regime as we go from dense to fractal particles, the order of the 
relevant moment decreases from 0.78 for LBL and dense par- 
ticles to 0.61 for TBL and fractal aggregates, thus making the 
corresponding deposition rate ratio decrease too. On the other 
hand, for Knudsen diffusion, dense particles correspond to mo- 
ments of order 0.56-0.53 (Table I), e.g., close to the regime 
where the minimum of R lies, while fractal particles with 
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Figure 1. Deposition rate ratio, R, vs. the standard devia- 
tion, up, of the aerosol PSD for continuum dMu- 
sion of dense or fractal particles through lami- 
nar or turbulent boundary layers. 
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Deposition rate ratio, R, vs. the standard devia- 
tion, u,,, of the aerosol PSD, for Knudsen diffu- 
sion of dense or fractal particles through lami- 
nar or turbulent boundary layers. 

required moments in the range of 0.26-0.22 yield higher deposi- 
tion rate ratios. 

In Figure 3 we plot deposition rate ratio against the standard 
deviation of the log-normal distribution for eddy impaction in 
the (t,')2 regime (see also Table 1). Since higher ug values result 
in a larger fraction of the total aerosol mass associated with 
large particles, in this regime the relative deposition rate is an 
increasing function of ug. 
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Figure 3. Deposition rate ratio, R, vs. the standard devia- 
tion of the aerosol PSD, ug, for eddy impaction 
of dense particles. 
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Deposition from Log-Normal Distributions When 
St,,,(u) Is a Piecewise Power-Law 

In most situations of practical interest one cannot assume a 
single deposition mechanism: i.e., St,,,fuj is not a simple power 
law throughout the relevant range of particle sizes, especially if 
the particle-size distribution of the depositing aerosol is rather 
broad. On the other hand, quite often St,,,fv) is well-approxi- 
mated by a piecewise power law, as in the case of turbulent 
deposition in duct flow systems (McCoy and Hanratty, 1977; 
Papavergos and Hedley, 1984). In particular, if we consider tur- 
bulent deposition in the absence of appreciable particle sedimen- 
tation effects, there is both experimental (McCoy and Hanratty, 
1977) and theoretical evidence for the case of convective diffu- 
sion (e.g., Friedlander, 1977) that: 

st, 0.086 ( S C ) - ~ . ~ ~ '  for tp+ 5 t,,l'fScj 

3.25 x 10-4(tp+)2 fortP,,+fScjstp+s22.9 (14) 

0.17 for tp+ 2 22.9 

where C, is the nondimensionai wall-friction coefficient, Sc is 
the particle Schmidt number (= v / D ,  - v-'13 for continuum 
diffusion), and tp+ the dimensionless particle stopping time, 
defined by: 

u* is the so-called friction velocity (?,,,/P)'/~, and t, the charac- 
teristic particle stopping time (= [ijpd:/(18p)] - u2I3). In Eq. 
14, +fSc j  denotes the dimensionless particle stopping time 
which marks the transition from a convective-diffusion to an 
eddy-impaction transport mechanism, clearly a function of the 
particle Schmidt number (see Eq. 17; Rosner, 1988). A typical 
value for tp, l+ is about 0.2 (McCoy and Hanratty, 1977), and 
further let vCrit,, denote the particle size corresponding (in the 
prevailing environment) to this dimensionless relaxation time, 
e.g., the particle size a t  which the deposition mechanism is 
assumed to change abruptly from convective diffusion to eddy 
impaction. Similarly, let vcrit,2 denote the particle size a t  which 
the particle/fluid decoupling (inertial cut-off) occurs, and de- 
fine 

where r reflects the extent of the particle-size range that 
deposits due to the eddy-impaction mechanism. Equation 14 can 
now be rewritten in terms ov u and r as follows: 

for 0 < u 5 u ~ t , l  

for ucrit,l 5 u 5 ucrit,2 

for 5 u < m 

(16) 
p 3 3  

where we required St,,,fuj to be a continuous function of v. The 
piecewise power law dependence of the dimensionless mass 
transfer coefficient on the particle size is clearly shown in Figure 
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4, where we plot St,,,/(l/2Cj)'/2 vs. the dimensionless particle 
stopping time, t p + .  The experimental data in this figure have 
been compiled by McCoy and Hanratty (1977), and Ganic and 
Mastanaiah (1981). 

In their review papers, both McCoy and Hanratty (1977), 
and Papavergos and Hedley (1 984) imply that the dimensionless 

changes from convective diffusion to eddy impaction is constant 

(see Eq. 9 for the relationship between is and vg), and standard 
deviation ug. We define here t = V/vdCl, and for brevity we also 
introduce the function EfP, xj, such that: 

particle relaxation time at which the deposition mechanism EfP, x j * erf (20) 

(spec%ically independent of particle Schmidt number) and 
equal to about 0.2 (cf. Eq. 14). Using their data, we estimated r 
(Eq. 15) to be equal to about 1,225. However, in order to obtain 
the general dependence of r on the particle Schmidt number, we 
use the fact that St,+vj is a continuous function of v. By equat- 
ing the mass Stanton number that one predicts for convective 
diffusion at v&t,l to the eddy impaction St,,,fv&l,,j we find: 

or 

Using the last equation we find for r (see also Eq. 15) that 

1 6.27 [ SC+V&~,, 22'9 j ]  -0.35 r2 r = (  

for example, the regime over which eddy impaction is important 
as parameterized here by r varies approximately with the 
inverse of the square root of the particle Schmidt number. 

In order to calculate the deposition rate ratio R, it is useful to 
break the v space in three regimes, one for each mode of deposi- 
tion, that is 

lvdl St,fv jvClfv j dv jnEh2 St,fv jvC,fv j dv 

St,fii j V  

j St,fv jvC,fv j dv 

St,fii j V  

R =  + Dm.ll 

St&V jii 

(18) 
%iLl + 

In Appendix A we show that the partial moment of any log-nor- 
ma1 distribution can be expressed in terms of error functions as 
follows: 

Using Eqs. 18 and 19, and after some algebra, we can deter- 
mine R for any log-normal distribution with arithmetic mean V 

If we denote by a, 6, and c the exponents that characterize the 
dependence of St, on particle volume in the convective diffu- 
sion, eddy-impaction and inertial cut-off regimes, respedtively, 
(e.g., a = -0.701, b - 1.3333, and c - 0; see Eq. 18), then we 
find that for ZJ vail,, or equivalently for t I 1 

For vait,l I V 5 v ~ ~ , ~ ,  or 1 I t 5, r, we find 

+ - 1 F - w C  exp [ 7 c(c + 1) ln2ug] 11 - &(i,cf] (21b) 
2 

And finally for r I [ c oa, we find 

In Figure 5, we plot deposition rate ratio, R, vs. 5 - v/vdCl, 
for different values of ug, and for r - 1,225 (Eq. 15). For B: 1, 
deposition occurs primarily due to convective diffusion, and 
indeed the deposition rates we compute here are identical to the 
deposition rates found earlier for the case of a single transport 
mechanism (see, e.g., previous two sections and Figure 1). As F 
increases and becomes closer to unity, R increases for two rea- 
sons: 

A greater fraction of the large particles and hence a greater 
fraction of the aerosol mass deposits due to an eddy-impaction 
mechanism 

At the same time the reference deposition rate, -tt$'&Vj, 
decreases, until for t equal to unity R obtains its maximum val- 
ue. 

Note also, that the higher the standard deviation of the PSD, 
the earlier, with respect to t values, the deposition rate ratio 
starts increasing. As [ increases further above unity, R 
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Figure 4. Literature deposition data for fully-developed 
duct flow in the absence of appreciable sedi- 
mentation effects. 
Piecewise power law dependence of the dimensionless mass transfer 
coefficient on the particle stopping time. 
Source: McCoy and Hanratty (1977). and Ganic and Mastanaiah 
(1981). 

decreases towards a steady value that corresponds to deposition 
due to a purely eddy-impaction mechanism (compare with Fig- 
ure 3). The small decrease of R, which occurs for E slightly 
larger than unity, is due primarily to an increase of the reference 
deposition rate in this region. Finally, as the mean volume of the 
distribution increases further and approaches the critical vol- 
ume above which capture becomes independent of particle size 
(inertial cut-of), the deposition rate ratio begins to decrease, 
goes through a local minimum at V = v&l,zl or equivalently at l =  
r (which we can rationalize with arguments similar to the ones 
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Figure 5. Deposition rate ratio R vs. dimensionless mean 
size of partlcle site distribution for various val- 
ues of PSD standard deviation. 

we used for 6 - l), and then, as expected, approaches unity. A 
rather interesting general implication of the local extremum 
exhibited by the total deposition rate ratio, -mi/--&:&, for 
particle sizes that correspond to a transition in the deposition 
mechanism, is that R will not necessarily fall between the limits 
obtained for either of the two mechanisms acting alone. In the 
present case, the deviations are quite small (for, say, convective 
diffusion/eddy impaction, and ug = 1.35, the deviation is less 
than 10%); but under different deposition conditions (cf. con- 
vective diffusion and inertial impaction on a cylinder in cross 
flow), they can become very large. In such situations, one should 
exercise caution when basing total mass deposition predictions 
exclusively on the reference deposition rate, which (by defini- 
tion) is based on a single mechanism. 

In Figure 6, we plot again the deposition rate ratio vs. [ = 

v/vnil.,, for ug = 2.5 and different values of r - V ~ " ~ ~ / V ~ ~ , , .  As 
expected, the closer the two transition volumes u~~~ and vclib2 
are, or equivalently for smaller r's, the importance of the eddy- 
impaction mechanism decreases. Note that this effect will 
become even more pronounced as the standard deviation, us of 
the PSD of the depositing aerosol increases. 

An examination of Figure 5 ,  suggests that an aerosol with 
unimodal PSD of typical spread (usof about 2.0 to 3.0) and 
under typical deposition conditions, say, r = of lo'), will "expe- 
rience" a single or at most a combination of two transport mech- 
anisms, that is, convective-diffusion/eddy-impaction or eddy- 
impaction/inertial deposition, regardless of where the mean of 
the particle-size distribution is located with respect to the sizes 
that mark the transition between the various mechanisms. On 
the other hand, if the PSD is bimodal or even multimodal, like, 
for example, in the case of supermicron particle deposition in the 
presence of condensible vapors (a problem of great practical 
interest; Rosner and Nagarajan, 1987), then all three transport 
mechanisms will have to be considered simultaneously. 

Limiting ourselves to distributions with a single mode, we 

a, = 2.50 

Figure 6. Effect of the extent ot the eddy-impaction re- 
gime, as determined by r, on the deposition 
rate ratio Rfor a PSD with u,, - 2.5. 
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present in Figure 7 curves of constant deposition rate ratio R on 
a ug vs. U/vCril plot for the case of deposition due to convective- 
diffusion and eddy-impaction. This figure is a cross plot of the 
left half of Figure 5 and can be readily used to determine the 
deposition rate ratio as a function of the location of the PSD 
mean with respect to v,, as determined by the local conditions 
and the PSD standard deviation. Thus, for (U/v&,, og) pairs that 
lie in the shaded region (region II), both mechanisms have to be 
considered. In this case, a first estimate of the deposition rate 
ratio can be obtained from the given iso-R curves. If, on the 
other hand, the pairs lie in regions I or 111, then the deposition is 
determined primarily by a single mechanism, and so Eq. 13 can 
be used with an expected accuracy of +3%. A similar plot for 
eddy impaction/inertial deposition is given in Figure 8. In 
region I Eq. 13 may again be used, but in region I11 the deposi- 
tion rate ratio is equal to unity. 

Generalizations 

Finite-analytic procedure for calculating total 
deposition rates 
In this section, we outline a “finite-analytic’’ method that allows 
us to compute total mass deposition rates in the general case 
where St,fv j is an arbitrary function of particle volume. The 
basic idea is simple indeed: since log (St,) vs. log f v j  can be 
approximated to any desired degree of accuracy by a series of 
straight line segments, St,  can be always reduced to a piecewise 
power law. But, recall that for this case we already have an ana- 
lytic solution (cf. previous two sections). In Appendix 8, we give 
an expression for 

2 l; St,,,vC,fv+ dv 
(21) R - - m h t  - 1-1 I 

- m p  j Strn,kW 

for the case of St,  consisting of say N discrete power-law seg- 
ments, and the arithmetic mean volume of the aerosol popula- 
tion U lying in the kth interval In Eq. 21, we assume that u,  = 0 
and vN = m. 

Clearly in implementing this method, one should approximate 
St ,  by a larger number of shorter straight line segments wher- 
ever the curvature is higher. In order to test whether in any given 
particle volume regime, ( v ~ - ~ ,  uk) ,  the power-law approxima- 
tion is adequate we propose the following simple criterion 
(Rosner, 1989). By expanding In St,(E) vs. in v in a Taylor 
series around V and inserting into Eq. 21, we find that this 
approximation is acceptable provided: 

This criterion can be readily introduced into a general-purpose 
code, so that the number and location of the straight line seg- 
ments that are needed to approximate a given capture efficiency 
curve is optimal. In the present illustrative calculations (cf. Fig- 
ures 9 and lo), however, we simply increased the number of A 
(In v) segments until the computed R values acceptably con- 
verged. 

b” 

if . . . . . . . J t’d-1 * . . . ” ’ . ’  10 -’ 1 10 

Figure 7. Constant deposition rate ratio R on ug vs. (log) 
V / V ~ , , ~  plot for the case of deposition due to 
convective diffusion and eddy impaction. 

- 

In regions I and 111, Eq. 13 is valid, and it is only in the shaded regime 
where both mechanisms must be considered simultaneously. 

Convective diflusion and inertial impaction on a 
cylinder in crossflow 

We will demonstrate the application of our method for the 
case of convective diffusion and inertial impaction on a cylinder 
in cross flow, perhaps the most important example from an engi- 
neering point of view. We will assume that the Reynolds num- 
ber, Re, based on cylinder diameter, d,, is large (Re’” >> 1) and 
that the interception parameter, dJd,, is small (at least for the 
particle sizes that deposit due primarily to Brownian diffusion) 
so that we can neglect deposition due to interception. For this 
simplified case, it is well known that the convective-diffusion 
capture efficiency, TJ,~, defined as the fraction of the particles 
collected from the fluid volume swept by the cylinder, is given by 
(see, e.g., the Nusselt number correlations in Eckert and Drake, 
1981; Perry and Chilton, 1973): 

vcap = 2 . ~ - 0.054 Re-0.19sSc-2/3 (23) ( R 2 &  

Note that, in this regime, the particle capture fraction depends 
on the collector-based Reynolds number and the particle 
Schmidt number. 

In the case of “pure” inertial deposition, the capture effi- 
ciency of the cylinder depends on the particle Stokes number, 
Stk and, for non-Stokesian particles (because the velocity of the 
flow field is high and/or because the particles are large) it will 
also depend on a Reynolds number, Re,, based on particle diam- 
eter and the free-stream velocity. For a potential flow field 
approximation to the carrier fluid motion around the collector, 
the collection efficiency has been calculated numerically (Brun 
et al., 1955) and has been also correlated in terms of an effective 
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Figure 10. Convergence of the deposition rate ratio R as 
the number of power-law segments (used to 
approximate the capture efficiency curve of 
Figure 8) increases. 

Figure 8. Constant deposition rate ratio Ron a us vs. (log) 
v/vo,,, plot for the case of capture due to eddy 
impaction and Inertial deposition. 

- 

In region I, Eq. 13 is valid, in the shaded area both mechanisms 
must be considered, in region 111, the depition rate ratio can be 
taken equal to unity. 

Stokes number (Israel and Rosner, 1983) which accounts for the 
above-mentioned parameters. For these reasons Israel and 
Rosner (1983) introduced a generalized Stokes number: 

Stk,, = *+Rep) - Stk (24) 

where for our purposes Stk is the conventionally-defined Stokes 

number [=fipd;U/(18p)] and *+Rep) a correction factor to 
account for non-Stokesian behavior, i.e.: 

(25) 
24 dRe' 

Re, 0 C,,+Re'jRe' 
*+Re,.) = - - jRep 

Integrating Eq. 25 for a quasisteady drag coefficient, C, of the 
commonly used approximate form 

24 
Re 

C A R e j  = - (1 + 0.158Re2/3) 

Inertial Deposition 
Israel & Rosner (1983) one readily finds 

3 
0.O628Rep 

*+ Re,) z 

- [(0.0628ReP)'/] - tan-' {(0.0628ReP)'/'}] (26) 

For a circular cylinder collection geometry and Stk,, > 0.14, 
Israel and Rosner (1983) recommend the following correlation 
for the capture fraction (if each impacting particle "sticks"): 

4 

although equally acceptable alternatives are given by Wessel 
and Righi (1988), and Wang (1986). 

At this point, we are not aware of any correlation for oap 
+Stkc, j in the near-critical range of Stk, (from 0.1 25 to 0.14), 

'u / Vcrik1 
Figure 9. Typical behavior of the efficiency curve for par- 

ticle capture on a circular cylinder in cross-flow in 
the high Reynolds number limit (Re'" XZ. 1). 
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and so for that range we simply take: 

[In the spirit of earlier calculations of the critical Stokes number 
(Friedlander, 1977), such a near-Stk,, relation can be derived 
by using a second-order expansion of the flow field in the vicinity 
of the forward stagnation point.] Equation 28 does exhibit the 
proper limiting behavior as Stk, approaches S t k ~ ( ,  but other 
than that is not based on any physical grounds. By matching Eq. 
27 to Eq. 24 for Stk, = 0.14 and further requiring the first 
derivative of vap+v j with respect to u to be also continuous, we 
estimate the two constants appearing in Eq. 28: 

In Figure 9, we give a typical capture efficiency curve that 
encompasses both the convective diffusion and inertial deposi- 
tion regimes. Note that, since in the convective-diffusion regime 
‘lap is already a power law, we can analytically integrate this 
entire size range ([0, 11 in dimensionless volume units) in one 
“giant” step, thus saving computational time. [If we neglect the 
effect of Kn,, i.e., within the confines of continuum (Kn, << 1) 
diffusion.] In Figure 10, we show the dependence of the deposi- 
tion rate R on ij/ucr,,,, for a log-normal mainstream particle-size 
distribution that has uE = 2.0 and that deposits according to vap 
as depicted in Figure 11. Note that if we “fit” the inertial depo- 
sition part of the (log) qaP vs. log (u /V)  curve with about 20 
linear segments R converges. Finally, in Figure 11, we show the 
dependence of the total mass deposition rate ratio on the dimen- 
sionless mean size of the aerosol population for different values 
of the standard deviation of the PSD. 

From Figures 10 and 11, it is clear that, in the case of deposi- 
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Figure 11. Dependence of the total mass deposition rate 
ratio on the dimensionless average size of 
aerosol population for different values of the 
PSD standard deviation. 

tion on a cylinder in cross flow, the total mass deposition rate 
ratio is a very sensitive function of the relative location of the 
mean particle size, V ,  with respect to the particle size at which 
transition occurs from deposition due to convective diffusion to 
an inertial mechanism. This is another example where one 
should avoid basing deposition calculations on a single regime, 
since in this case the total deposition rate can be severely under- 
predicted. From a mathematical point of view, R almost 
diverges in the neighborhood of U/u~* 1, because in this 
regime there is a great difference of order O( lo3) between the 
magnitude of the actual total mass deposition rate and the refer- 
ence deposition rate. 

Variance of non-log-normal single-mode distributions 
In this paper we deliberately cast our results in terms of the 

particle arithmetic mean size (volume), 5, and the standard 
deviation, up of the aerosol PSD. We decided to use the average 
particle size of the population, rather than the distribution 
median, up because the former has also a simple physical signifi- 
cance, despite the fact that, if we had used up some of our ana- 
lytical expressions would have been simplified. By the same 
token, we have here used uE to quantify the spread of the (log- 
normal) distribution, a natural choice from a mathematical 
point of view, while we could also have used the square root of 
the dimensionless variance of the PSD, here denoted simply by u 
and defined as 

I“’ u = [; . l- (5 - u)2c,+u+du 

= [exp+ln2ugj - l]’’’ (30) 

Since not all single-mode PSD’s are “log-normal,” we conjec- 
ture that, if our present results were recast in terms of the square 
root of the variance u, then they would (approximately) apply to 
a wide variety of single-mode distributions. 

Conclusions 
For commonly encountered engineering applications, in 

which total mass deposition rates are required from fluid 
streams containing suspended particles distributed near “log- 
normally,” we have developed and presented simple results for 
piecewise-power-law mass transfer coefficients (e.g., turbulent 
convective diffusion and eddy impaction) (including an inertial 
decoupling “cut-off’). Thus, we have shown that, whenever we 
may assume a simple power-law dependence of St,+vj on the 
size of the depositing particles, the total mass deposition rate 
ratio, R, is given analytically by a very simple expression that 
involves only the exponent that describes the dependence of the 
mass Stanton number on particle volume and the spread of the 
aerosol PSD, ug (cf. Eq. 13). We further obtained analytical 
expressions (in terms of error functions) for R in the case of 
piecewise-power-law mass transfer coefficients, St,, (Eq. 21 
and Appendix B) which can be readily used in computations and 
have also provided graphs (Figures 7 and 8) from which one can 
directly obtain the local deposition rate ratio for the commonly- 
encountered case of deposition due to a combination of convec- 
tive-diffusion/eddy-impaction or eddy-impaction/inertial 
mechanism. 

These results/plots, which generalize the recent conclusions 
of Rosner (1 989) for power-law capture from coagulation-aged 
(self-preserving shape) aerosols, reduce the general problem of 
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computing actual deposition rates to the straightforward one of 
first calculating the (reference) deposition rate if all particles in 
the population had the same (average) volume and then correct- 
ing this result by a ratio R calculated here for several common- 
ly-encountered mechanistic combinations over a range of 
aerosol PSD “spread” parameters. Apart from their direct engi- 
neering utility and conceptual value, our viewpoint and proce- 
dures are shown to open the way to computationally-efficient 
finite-analytic methods for computing total mass deposition 
rates from aerosol population distributions of arbitrary shape, 
captured in accord with an efficiency function of arbitrary 
shape. [Indeed, this strategy could clearly be adopted to com- 
pute many other properties of aerosol populations which require 
the integral of a product of the particle-size distribution func- 
tion and some other particle-size-dependent quantity, e.g., light 
scattering efficiency (Buckius and Hwang, 1980).] 

It would be prudent to recall the most important assumption 
which underlies our present methods and predictions: viz., each 
particle size class does not influence the deposition rate of other 
size classes. In practice, we know that this assumption would 
have to be relaxed whenever: 

The diffusional capture of small particles influences the 
inertial capture (via sticking probability) of larger particles 
(see, e.g., Rosner and Nagarajan, 1987) 

Appreciable particle-particle coagulation occurs in the im- 
mediate vicinity of the collector (see, e.g., Park and Rosner, 
1988a; Biswas, 1988) 

A portion of the preexisting aerosol population coupled with 
the host fluid flow to modify the transfer coefficient of the 
smaller particles (see, e.g., Park and Rosner, 198813, 1989) 

The depositing particles scavenge an appreciable mass of 
coexisting vapor within the thermal boundary layer adjacent to 
the collector (see, e.g., Castillo and Rosner, 1988) 

Appreciable particle production (from a supersaturated va- 
por) occurs within the thermal boundary layer adjacent to the 
collector (see, e.g., Castillo and Rosner, 1989; Liang et al., 
1989). 
However, even in most of these more complex (coupled) cases, it 
will still be useful and instructive to compare actual rates to 
those expected based on the simple procedure outlined in this 
paper. 

Finally, it should be recognized that in many current and 
future applications, in addition to predicting the total deposit 
mass, it will be necessary to have a quantitative understanding 
of the deposit microstructure and, of course, microstructure- 
sensitive deposit properties (see, e.g., Tassopoulos et al., 1989). 
This is clearly a more ambitious goal of deposition rate theory, 
but one which can no longer be postponed. 
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Notation 
6 = exponent characterizing dependence of St,  on particle vol- 

ume v 

C, - nondimensional wall-friction coefficient; -?J( ’/2pU2) 
C, - quasisteady particle drag coefficient 

d, - particle diameter 
d ,  = circular cylinder (target) diameter 
D, = particle Brownian diffusion coefficient 

C,fv j = normalized log-normal distribution function, Eq. 8 

EfP,  x j  - function, Eq.  20 
k - “order” of PSD moment 

I = gas-mean-free path 
Kn, = particle Knudsen number, I/d, 

--hi = total mass deposition rate, Eq. 4 

n f u  j - particle number density function 
N, = particle number density, Eq. 1 

Pe - Peclet number for particle diffusion 

-&inf - reference mass deposition rate., Eq. 5 

P = dummy variable, Eq. 20 

q = “order” of partial moment of log-normal distribution, Eq. 
19 

r - parameter reflecting extent of the particle size range over 
which eddy impaction is the predominant deposition mecha- 
nism 

R = deposition rate ratio, Eq. 6 
Re - Reynolds number based on cylinder diameter 

Re, = Reynolds number based on particle diameter 
Sc = particle Schmidt number 
St, - dimensionless mass transfer coefficient 
Sfk - particle Stokes number 

Stk,  - effective particle Stokes number, Eq. 24 
t ,  = characteristic particle stopping time 
t l  - dimensionless particle stopping time, u:t,/v 

t i ,  - dimensionless particle stopping time marking transition 
from convective-diffusion to eddy-impaction deposition 

u ,  = friction velocity; (C~/?)’’’U 
U - gas-free-stream velocity 
u = particle size (volume) 
E - mean particle volume; +JN, 

v , , ~ ~  - particle size marking a transition in deposition mechanism 
ucril,, = particle size marking transition from a convective-diffuaion 

to eddy-impaction deposition mechanism; Figure 4 
ucril,2 - particle size marking transition from eddy-impaction to size- 

insensitive deposition; Figure 4 
up = median volume of log-normal distribution 
v, - critical particle size marking beginning of the (i + 1) depo- 

uk - median volume of a particular log-normal distribution func- 

v* - dimensionless particle size ( - v / v * )  

sition regime 

tion, Eq. I 1  

x - dummy variable, Eq. 20 

Greek letters 
a = lower limit of partial moment of log-normal distribution, Eq. 

6 - upper limit of partial moment of log-normal distribution, Eq. 
19 

19 
qop - capture fraction 

fi  = gas dynamic viscosity 
Y = gas momentum diffusivity (kinematic viscosity) 
C - dimensionless mean particle size ( - E / U , , , ~ )  
p - gas density 
j5, = intrinsic particle density 
u2 = dimensionless variance of log-normal distribution, Fiq. 30 
us = geometric standard deviation of log-normal distribution 
-$, = particle volume fraction, Eq. 1 
fi = self-preserving distribution function 
0 = correction factor accounting for non-Stokesian drag behav- 

ior of particles, Eqs. 24,25 
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Appendix A: Partial Moments of Log-Normal 
Distribution 

The log-normal particle-size distribution is given by: 

The partial moment, pq, of order q, in the range say a to p, is 
defined here by: 

Note further that for any log-normal distribution (Raabe, 
1972) 

where 

From Eqs. A l ,  A2 and A3, we obtain for the partial moment 

with the distribution in the definite integral of Eq. AS another 
lognormal. Noting also that in general the log-normal is defined 
as a distribution of sizes whose logarithms are normally distrib- 
uted, it becomes apparent that the required definite integral can 
be expressed in terms of the well-known error function. Specifi- 
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R, is defined here by: cally, we have 

= !, . J In(i+/sp>/ h n v K  2 
- exp - t2 dt (A6) 

Combining now Eqs. A4 and A6, while substituting for vq from 
Eq. A4, we obtain for the partial moment of order q: 

2 In(o/vq)/JIlnoK Jii 

rc, l8 v"C,fv+ dv - 

that is, Eq. 19. 

Appendix 6: Analytic Expression for Total Mass 
Deposition Rate Ratio When Sfm+u+ Is a 
Piecewise Power-Law 

Suppose that the mass Stanton number, St,+), consists of N 
discrete power-law segments, and that the arithmetic mean of 
the aerosol particle-size distribution, 5, lies in the kth (power- 
law) segment. In this case, the total mass deposition rate ratio, 

where St,, denotes the Stanton mass number in the ith interval. 
Here we also take vo - 0 and vN - m. If vsriy is the particle size 
(volume) that marks the transition from the ith to the i + 1 
deposition mechanism, let 

for i - 2, N - 1 (B2) 

Since St,,,fv j is a continuous function of the particle size, u, it is 
straightforward to show that the Stanton number in the ith 
interval i s  given by 

VUiU ri - - 
VaiI.1 

where 6 is the dimensionless mean particle size, { - i7/vsrik,. 
If we substitute now into Eiq. B1 and use the expression for the 

partial moment of a log-normal distribution (Appendix A), after 
some algebraic manipulation one finds that 

where E is a function introduced here for brevity, defined by Eq. 
20. 
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